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1. Introduction
A Borel regular measure μ on a metric space X is doubling if there is a constant C  1 such that 0 < μ(2B) 
Cμ(B) < ∞ for any ball B = B(x, r) in X , where 2B = B(x,2r). It is easy to see that the doubling constant C is bigger
than 1, provided that X contains at least two points. We say that a doubling measure is purely atomic, if it has full measure
on a countable set. Doubling measure is a basic concept in analysis on metric space [6]. It is closely related to quasisym-
metric mappings and plays an important role in conformal geometry [1,3,11,12,15].
In this paper we set out to investigate the following two questions:
1. Which compact subsets of the real line R carry only purely atomic doubling measures?
2. Which compact subsets of the real line R do not carry any purely atomic doubling measures?
The above questions come from Kaufman and Wu [7]. In that paper, they proved that all doubling measures on a
compact metric space X are mutually absolutely continuous if and only if every doubling measure on X is purely atomic.
Write X = E X ∪ F X , where E X is the set of accumulation points of X and F X is the set of isolated points. Then, in order
that every doubling measure on X is purely atomic, a simple necessary condition is F X = X , where F X is the closure of F X .
However, this is far from being suﬃcient. Kaufman and Wu constructed compact subsets X , Y , and Z of R, with F X = X ,
F Y = Y , and F Z = Z , respectively, such that every doubling measure on X is purely atomic; every doubling measure on
Y contains a nontrivial continuous part; some doubling measures on Z are purely atomic and others have a nontrivial
continuous part.
✩ Supported by the NSFC (No. 10971056 and No. 10771164).
* Corresponding author.
E-mail address: sywen_65@163.com (S. Wen).0022-247X/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2011.07.026
1028 W. Wang et al. / J. Math. Anal. Appl. 385 (2012) 1027–1032The above Kaufman–Wu’s examples were reﬁned in [8] and [9] so that the following statements hold.
• There is a compact subset of R of Hausdorff dimension 1 on which every doubling measure is purely atomic.
• Every compact subset of R of positive Lebesgue measure carries a doubling measure which is not purely atomic.
• For every compact, perfect, and nowhere dense subset E of R there is a compact set X ⊂ R with E X = E and F X = X
such that the restriction μ|E is doubling on E , provided that μ is doubling on X .
Let X be compact in R with F X = X . In Section 2, we shall present a criterion that X carries only purely atomic doubling
measures. The main idea is to seek a suitable parameter to describe the relative size of F X and E X , such that a certain
condition on the parameter can ensure that every doubling measure on X is purely atomic. In Section 3, we shall present
a criterion that X does not carry any purely atomic doubling measures. Although a different parameter will be chosen, the
idea is similar.
The above idea had been applied previously by Wu [16] and Staples and Ward [13] in studying the following two
questions:
3. Which subsets of R are quasisymmetrically thin?
4. Which subsets of R are quasisymmetrically thick?
Recall that a homeomorphism f : X → Y of metric spaces X and Y is quasisymmetric if there is a homeomorphism
η : [0,∞) → [0,∞) such that
dY ( f (a), f (b))
dY ( f (a), f (c))
 η
(
dX (a,b)
dX (a, c)
)
for all triples a,b, c of distinct points in X . When X = Y = R, the mapping f is quasisymmetric if and only if | f ( · )| is a
doubling measure on R, where | · | is the Lebesgue measure.
Let E ⊂ R. We say that E is thin if | f (E)| = 0 for all quasisymmetric mappings f : R→ R. Similarly, we say that E is
thick if | f (E)| > 0 for all such quasisymmetric mappings. See [2,5] for some results on thinness and thickness of uniform
Cantor sets.
Wu [16] showed that an αk-porous set E in [0,1] with ∑∞k=1 αpk = ∞ for all p > 0 is thin. Staples and Ward [13] showed
that an αk-thick set E in [0,1] with ∑∞k=1 αpk < ∞ for all p > 0 is thick. The αk-porosity and the αk-thickness played an
important role in describing the relative size of E and [0,1] \ E .
For our purposes we shall choose suitable parameters to describe the relative size of E X and F X in a certain metric sense.
Such parameters will depend on not only E X but also F X , and so they are different from the above porosity and thickness
parameters. Our main results are Theorem 2.1 and Theorem 3.1. Our parameters can also be used to study quasisymmetric
thinness and thickness of sets. Variants of the above results of Wu [16] and Staples and Ward [13] will be given in Section 4.
The properties of doubling measures that will be used can be found in [7,10,14].
2. A criterion that X carries only purely atomic doubling measures
Let X ⊂R be compact. Let E X be the set of accumulation points of X and F X the set of isolated points. Then X = E X ∪ F X .
From now on we assume that the set X satisﬁes the condition F X = X . We are not interested in some trivial cases, so we
also assume that E X is perfect.
For every y ∈ F X we call the open ball B(y,d(y, E X )) the territory of y, denoted by T y, where d(y, E X ) is the distance
to E X from y.
By the assumption the set E X is compact, perfect, and nowhere dense. So it can be written as
E X =
∞⋂
k=0
Ek, (1)
where {Ek}∞k=0 is a strictly decreasing sequence of compact subsets of R; every Ek consists of ﬁnitely many disjoint closed
intervals of positive length whose endpoints belong to E X . Such a sequence of compact subsets will be called a generating
sequence of E X . Note that the generating sequence of E X may not be unique.
Let {Ek}∞k=0 be a generating sequence of E X . Let F0 = F X \ E0 and Fk = F X ∩ (Ek−1 \ Ek) for every k  1. Then {Fk}∞k=0
are mutually disjoint and
F X =
∞⋃
k=0
Fk. (2)
Since the endpoints of component intervals of Ek have been assumed to belong to E X , for every y ∈ Fk the territory of y is
equal to B(y,d(y, Ek)).
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consists of ﬁnitely many disjoint open intervals. We denote these open intervals by Ik,1, Ik,2, . . . , Ik,sk . For every Ik, j we
easily see that there are no more than two points of Ik, j ∩ Fk whose territories cover Ik, j ∩ Fk . More precisely, such points
will be chosen as follows: when Ik, j ∩ Fk is empty we need not take any points; when Ik, j ∩ Fk is nonempty, we take the
midpoint mk, j of Ik, j if mk, j ∈ Fk , otherwise we take from each side of mk, j a point of Ik, j ∩ Fk such that it is the nearest
one to mk, j (if such a point exists). Now for every Ik, j no more than two points of Ik, j ∩ Fk have been picked out. Let Kk be
the set of all these points. It is possible that Kk is empty. If not, it has no more than 2sk points.
We call a point in Kk a king of order k. By the deﬁnition, we have
Kk ⊆ Fk and X ∩
⋃
y∈Kk
T y = Fk. (3)
Note also that for every x ∈ Fk there are at most two kings y1, y2 ∈ Kk whose territories contain x.
Since E X has been assumed to be perfect and nowhere dense, there are inﬁnitely many k such that Kk 
= ∅. Let
M := {k 1: Kk 
= ∅}. (4)
For every k ∈ M , let λk  1 be the smallest real number such that
Ek−1 ⊂
⋃
y∈Kk
λkT y, (5)
where λkT y denotes the closed ball B(y, λkd(y, E)). Intuitively, when λk is small the territory occupied by the set Fk is
bigger than that occupied by the set Ek .
Now a suﬃcient condition that X carries only purely atomic doubling measures can be formulated in terms of {λk}k∈M
as the following theorem.
Theorem2.1. Let X be compact inR such that F X = X and E X is perfect. If there is a generating sequence of E X such that∑k∈M λ−pk =∞ for any p > 0, then every doubling measure on X is purely atomic.
Proof. Let μ be a doubling measure on X . It suﬃces to show μ(E X ) = 0. By the doubling property of μ, there are constants
C  1 and s > 0 depending only on the doubling constant of μ such that
0 < μ(λB) Cλsμ(B) < ∞
for any ball B and any λ 1, where B = B(x, r), λB = B(x, λr), x ∈ X .
For every k ∈ M , it follows from the deﬁnition of kings and (5) that
μ(Ek−1) Cλsk
∑
y∈Kk
μ(T y) 2Cλskμ(Fk).
Since μ(Ek−1) = μ(Ek) + μ(Fk), we get
μ(Ek−1) 2Cλsk
(
μ(Ek−1) − μ(Ek)
)
,
which yields
μ(Ek)
(
1− 1
2Cλsk
)
μ(Ek−1), k ∈ M. (6)
For every k /∈ M both Kk and Fk are empty, and so
μ(Ek) = μ(Ek−1), k /∈ M. (7)
Inductively, we get from (6) and (7)
μ(E X )
∏
k∈M
(
1− 1
2Cλsk
)
μ(E0).
Since
∑
k∈M λ
−s
k = ∞ has been assumed, it follows from the last inequality that μ(E X ) = 0. This completes this proof. 
Remark 1. The condition of Theorem 2.1 is sharp. In fact, we have a class of sets, in which a set carries only purely atomic
doubling measures if and only if it satisﬁes the condition of Theorem 2.1. We prove this in the following. Let E be the Cantor
set with generating sequence {Ek}∞k=0, where E0 = [0,1] and Ek is deﬁned by deleting an open interval of length ck|I| from
the middle of every component interval I of Ek−1, and ck ∈ (0,1/2]. Let [0,1] \ E =⋃ J be a Whitney decomposition of
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the set of midpoints of intervals J . Let X = E ∪ F . For every measure μ on [0,1] deﬁne a measure μ˜ on X by μ˜ ≡ μ on
E and μ˜{x} = μ( J x) for any x ∈ F , where J x is the Whitney interval containing x. By [15], a measure ν on X is doubling if
and only if ν = μ˜ for some doubling measure μ on [0,1]. This implies that X carries only purely atomic doubling measures
if and only if μ(E) = 0 for any doubling measure μ on [0,1]. Furthermore, according to [5], the last condition is equivalent
to
∑∞
k=1 c
p
k = ∞ for any p > 0. Note that for the generating sequence {Ek}∞k=0 of E the midpoints of component intervals of
[0,1] \ E are kings in F and the related parameter λk = c−1k for any k. It follows that the set X carries only purely atomic
doubling measures if and only if it satisﬁes the condition of Theorem 2.1.
3. A criterion that X does not carry any purely atomic doubling measure
Let {Ek}∞k=0 be a generating sequence of E X . Let Kk be the set of kings of order k and M = {k  1: Kk 
= ∅} (see their
deﬁnitions in Section 2). Given k ∈ M , for every king y ∈ Kk let J y,1 be the nearest component interval of Ek on the left-
hand side of y and J y,2 be the nearest one in the right-hand side of y. Let n(y,1) be the maximal number of disjoint balls
{B(xi, ri)} we can place in J y,1 such that
xi ∈ X and
⋃
B(xi, ri) ⊂ J y,1 and T y ⊂
⋂
B(xi,2ri). (8)
We similarly deﬁne an integer n(y,2) by considering balls in J y,2. Here T y is the territory of y. Put n(y) =
max{n(y,1),n(y,2)} and
nk = min
y∈Kk
n(y), k ∈ M. (9)
Then for every king y ∈ Kk either J y,1 or J y,2 contains nk disjoint balls {B(xi, ri)}nki=1 satisfying the condition (8). Intuitively,
nk is big in a certain sense would imply that the territory occupied by the set Fk is smaller than that occupied by the
set Ek .
Now a suﬃcient condition that X does not carry any purely atomic doubling measure can be formulated in terms of
{nk}k∈M as the following theorem.
Theorem 3.1. Let X be compact inR such that F X = X and E X is perfect. If there is a generating sequence of E X such that∑k∈M rnk <∞ for any r ∈ (0,1) then X does not carry any purely atomic doubling measure.
Proof. Let μ be a doubling measure on X with the doubling constant C . Given k ∈ M , for every y ∈ Kk let J y be one of the
intervals J y,1 and J y,2 for which there is a family of disjoint balls {B(xi, ri)}nki=1 satisfying
xi ∈ X and
nk⋃
i=1
B(xi, ri) ⊂ J y and T y ⊂
nk⋂
i=1
B(xi,2ri). (10)
Suppose these balls have been arranged in the order r1  r2  · · · rnk . Then the doubling property of μ and (10) imply
CμB(x1, r1)μB(x1,2r1)μ(T y) + μB(x1, r1),
CμB(x2, r2)μB(x2,2r2)μ(T y) + μB(x1, r1) + μB(x2, r2),
· · ·
CμB(xnk , rnk )μ(T y) + μB(x1, r1) + · · · + μB(xnk , rnk ).
It follows that
(C − 1)μB(x1, r1)μ(T y),
(C − 1)2μB(x2, r2) Cμ(T y),
· · ·
(C − 1)nkμB(xnk , rnk ) Cnk−1μ(T y).
These inequalities together with (10) yield
μ( J y)
1
C − 1
(
1+ C
C − 1 + · · · +
(
C
C − 1
)nk−1)
μ(T y) =
((
C
C − 1
)nk
− 1
)
μ(T y).
Note that four kings in Kk may correspond to the same interval J y . Summing up over y ∈ Kk , we get from (3)
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((
C
C − 1
)nk
− 1
)
μ(Fk),
which, together with μ(Ek−1) = μ(Ek) + μ(Fk), implies
4
(
C − 1
C
)nk
μ(Ek−1)μ(Fk).
It then follows that
μ(Ek)
(
1− 4
(
C − 1
C
)nk)
μ(Ek−1), k ∈ M. (11)
For k /∈ M it is obvious that
μ(Ek) = μ(Ek−1), k /∈ M. (12)
Since
∑
k∈M( C−1C )
nk < ∞ has been assumed, there is an integer k0 such that 1− 4( C−1C )nk > 0 for any k > k0 in M . Induc-
tively, we get from (11) and (12)
μ(E X )μ(Ek0)
∏
k∈M, k>k0
(
1− 4
(
C − 1
C
)nk)
, (13)
which yields μ(E X ) > 0. This completes the proof. 
Remark 2. The condition of Theorem 3.1 is sharp. Let X = E ∪ F be deﬁned as in Remark 1, with deﬁning data {ck}∞k=1. We
see that X does not carry any purely atomic doubling measure if and only if μ(E) > 0 for any doubling measure on [0,1].
According to [2], the last condition is equivalent to
∑∞
k=1 c
p
k < ∞ for any p > 0. Observing that for the generating sequence
{Ek}∞k=0 of E the related parameter nk satisﬁes 9−nk  ck  2−nk/10 for any k, we easily check that this last condition is also
equivalent to that X satisﬁes the condition of Theorem 3.1.
Now we give an application of Theorem 3.1. Let X be compact in R such that F X = X and E X is a self-similar uniform
Cantor set. We shall give a condition such that for every doubling measure μ on X the restriction μ|E X is doubling on E X .
We say that a compact set E ⊂ [0,1] with diam(E) = 1 is a self-similar uniform Cantor set if
E =
m⋃
i=1
f i(E), (14)
where m  2 is an integer, f1, . . . , fm are similarity maps on [0,1] such that | f i(x) − f i(y)| = c|x − y| for some c ∈ (0,1)
and for all x, y ∈ [0,1] and satisfy the strong separation condition
f i(E) ∩ f j(E) = ∅ for all 1 i < j m
(
see [4]
)
.
By the deﬁnition for every x ∈ E there is a unique inﬁnite sequence i1i2 · · · of digits 1,2, . . . ,m such that
x =
∞⋂
k=1
f i1···ik
([0,1]), (15)
where f i1 i2···ik = f i1 ◦ f i2 ◦ · · · ◦ f ik denotes the composition of mappings. Clearly, | f i1···ik ([0,1])| = ck .
For a compact set X in R such that F X = X and that E X is a self-similar uniform Cantor set as above, let E0 = [0,1] and
Ek =
⋃
i1···ik
f i1···ik (E0),
where the union is over all k term sequences of digits 1,2, . . . ,m. Then {Ek}∞k=0 ∈ AX . The related Kk , M , and {nk} are
deﬁned as before.
Theorem 3.2. Let X be compact in R such that F X = X and that E X is a self-similar uniform Cantor set. If∑k∈M rnk < ∞ for any
r ∈ (0,1) then for every doubling measure μ on X the restriction μ|E X is doubling on E X .
Proof. Let μ be a doubling measure on X . Then μ(E X ) > 0 by Theorem 3.1. To prove that μ|E X is doubling on E X , it suﬃces
to show that
μ(B) Hμ(B ∩ E X ) (16)
for some constant H depending only on μ and {nk}k∈M , and for any ball B = B(x, r) with x ∈ E X and r ∈ (0,1).
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and let k be the smallest integer such that
x ∈ f i1···ik (E0) ⊂ B.
Then, by the self-similarity of E X , we have | f i1···ik (E0)| = ck  r, and so, by the doubling property of μ, to show (16),
it suﬃces to show that
μ
(
f i1···ik (E0)
)
 Hμ
(
f i1···ik (E0) ∩ E X
)
. (17)
The proof of the inequality (17) is a repetition of that of (13) in Theorem 3.1. This completes the proof. 
4. Quasisymmetrically thin sets and thick sets
We ﬁrst formulate a suﬃcient condition for quasisymmetrically thin sets by way of Theorem 2.1. Let E ⊂ R be com-
pact, perfect, and nowhere dense. Let {Ek}∞k=0 be a generating sequence of E . For every k  1 let Ik,1, Ik,2, . . . , Ik,sk be the
component intervals of Ek−1 \ Ek . Let λk  1 be the smallest real number such that
Ek−1 ⊂
sk⋃
j=1
λk Ik, j, (18)
where λk Ik, j is the interval of length λk|Ik, j | concentric with Ik, j .
Theorem 4.1. Let E ⊂ R be compact, perfect, and nowhere dense. If there is a generating sequence of E such that∑∞k=1 λ−pk = ∞ for
any p > 0 then E is quasisymmetrically thin.
Proof. Analogous to the proof of Theorem 2.1. 
Now we are going to formulate a suﬃcient condition for quasisymmetrically thick sets by way of Theorem 3.1. Let E ⊂R
be compact, perfect, and nowhere dense. Let {Ek}∞k=0 be a generating sequence of E . In place of the set of kings of order k,
we let Kk be the set of midpoints of component intervals of Ek−1 \ Ek . We similarly deﬁne a sequence of integers {nk}∞k=1,
such that for every k  1 and for every y ∈ Kk either J y,1 or J y,2 contains nk disjoint balls {B(xi, ri)}nki=1 satisfying the
condition (8), where J y,1 and J y,2 are also deﬁned in the same way as those in Section 3.
Theorem 4.2. Let E ⊂ R be compact, perfect, and nowhere dense. If there is a generating sequence of E such that∑∞k=1 rnk < ∞ for
any r ∈ (0,1) then E is quasisymmetrically thick.
Proof. Analogous to the proof of Theorem 3.1. 
Remark 3. By Remark 1 and Remark 2, the conditions of Theorem 4.1 and Theorem 4.2 are both sharp.
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